Linear Algebra
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Let A=|-1 4 2|.Find
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(a). the characterstic polynomial and the minimal polynomial of A. 6
(b). the eigenvalues and eigenspaces of A. 6

(¢). aninvertible matrix P suchthat PAP isdiagonal anduseittofind A®. 8

Let A bean mxn real matrix, B bean nx p real matrix.
Provethat rank(AB) > rank(A) +rank(B)—n. 20

Let PeR™" benonsingular and A<R™". Prove that the column space of AP isequa to
the column space of A. Inparticular, AP and A have the same column rank. 15

Let A and B be two nxn matrices. Show that (AB—1) is invertible if (BA-1) is
invertible, where 1 isan nxn matrix. 15

Let A BeR™" benonzero matrices. Prove that

(@.if A and B aresimilar, then they have the same eigenvalues. (4 )

(b).if A isdiagondizable anditseigenvaluesareall +1,then A=A". (4 )

(©).if A isnilpotent,i.e, A*=0, FkeN, then al of its eigenvalues are equal to zero. (3

)
(d).if A isnilpotent, then A isnot diagonalizable. (4 )

X+y+z=1
Find the value ¢ so that the system of linear equations < x—y+z=2 has solutionsin R?,
X+y-z=cC

and in that case, find all the solutions. 15



