For atridiagonal matrix H = - |, find the upper left corner element of
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(El —H)™? (note: | isthe unit vector) (10%)

For the Pauli spin matrices SX:G é],syz(? _olj and SZ=£(1) 01] the raising and

lowing spinsare S*=S +iS, S =S,-iS,, respectively. Please calculate the commute of

|s,.s'| and [s',s |, where the commuter means [A B]= AB-BA. (15%)

There is an unknown form of function f(x), and we want to calculate its second derivative

2
2)(2 at point a,if weonly havef(a)=05, f(a+ox)=053 and f(a-d&)=0.52, where &

d? f (x)
dx? |X=a B

Isan infinitessmal small value, sx=0.01. What is ?  (10%)

Solve the differential equation y”+10y’ + 25y = 0, with the boundary conditions y(0) =3 and
y=€e°. (15%)

2
H+2ﬁ%+w§x:coswt, 2 <wi, >0 isgiven

The solution of the differential equation e

by

X(t) = e (C,cosmt + C,sinwt) + D, cosat + D,sinat, Where o =w?-p°. The amplitude of
steady stateisgiven by D(w) =+/D? + D3 . Find the maximum of the amplitude D__ =D(w = w,)
and the resonant frequency w.. (10%)

The system of an undamped pendulum is described by %: w, ?j—f:—ksine, where
k=g/L. Inthe sense of Liapunov, the nature of the critical point is classified as (1)
asymptotically stable (stable and attractive), (2) stable but not asymptotically stable
(stable but not attractive), or (3) unstable; and the type can be described as (a) a node,
(b) asaddle point, (c) acentre, or (d) aspira point. Classify the critical points (6 =0,0=0),

and (0=r,0=0) inthe (9,0) phasediagram. (note: sinx~x-x*/6+...) (10%)

2
Consider the eigenfunction problem: %+ E2y =0, 0<x<1, y. (0)=0, (%) =—y.(1).
x=1

Condder thentheigenvduesof E, (for E <E,<...<E,), find the corresponding eigenfunctions

3
y.(x), and derive lim Eﬂl.(note: tanx~x+%+... for [X<z/2)  (15%)
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The orthogonality relationship for Bessel function of the order 1/2 is given by
I:r-JI,Z(J?mr)-Jl,Z(J?“r)drzoif m=n, where J,,(k)=0,and j_,j, arethemthand n-th zeros

of J,,(r)=0.For k=z and f(r)=+/rsinr, find A,A, inthe Fourier-Bessel expansion
f(r)=ZAnJl,2(j—”r). (Note: Jl,z(x):\/zsinx,
- k X

_[: xsinnxsinxdx = —2;1)2 [2n +2ncosnz + (n° —=1)zsin n;;] ) (15%)

(n



